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Outline
• describe cobordism homology
of spaces for varying groupG.
redefine Galois extensions
to allow for a more general
class of examples

• Cobordism homology is

Galois over stable homotopy



Bordin
Defy: A bordism between
h -manifolds M and N

is an

Ntl -manifold P s . t . 2P= M H N .

FI : A bordism between S
' and

s
'
IS

'
:

s
,#gs ' IS

'

-



Stable Normal Bundle-
given

an embedding of a
manifold

K

M -2113

it has a non-unique
normal bundle

÷÷÷÷:¥.
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HOWEVER :

- if we let k get large
enough, this bundle

becomes

unique up to isotopy
- we call this the stable

normal bundle of M

-this is a real
vector bundle

whose structure group
is

O :- lincoln7) infiniteorthogonal
matrices



-given a group map
G→O

,

we say
M has a G -structure

if we can reduce
the

structure group
from 0 to

G
B G

i i
MeeBO



G-Bordis.vn)
-we can now ask that our

manifolds M
,
N
,
P all have

G-structure and
that the

G - structure on P restricts

to that of Mandvi
now jihadifoldstoo



The thing DG.no#rEn=EnwidiI''s7r:nifIredsq
~

where Mr N if there is a

bordism between M and N

RemarkableFaThe sets {In} form a
graded ring ,

with it as addition

and X as multiplication ! Emmi
"
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Dold manifolds ,

' 56

Fr¥2k[Ei liao , it E-I]
rink if i > o , i

-

-2K ) walls
' 60

Is? is complicated but
knotwn

and SEE QE [ ICP
"

liao)

Gif - don't know ring
struct . !

resting -not fully known !



Bordism HomologyTheories 0

-more generally, for a space
X ,
define

red#tinnitus. wither ish
where (MEX)

-(NEX) if

there is a
bordism between

M

and N over X
, (PIX ) ,

which

restricts to 4 and if



DPI⇒ %
①

(4,4, 8 are just cts . maps )



ThmCAtiyahg.com
.

The sets
SEILX) assemblelintoageneralizedhomologytheory.I.in

other words , a well-behaved

machine

Top#Grab
[grog an

groups



- in particular
r!Cpt .Er:

think: Given a map of structure

groups H
→G

,
we get a

natural

transformation rt'd
- I→riff)

( " inducing up
" the structure group)



A Very special case
-

.
.

Qin: What if G-- Ee} ?

- structure group
is trivial , so all

manifolds must be framed
or

parallelized .

si:cHer:HkE÷÷:*
¥7541 group

f

Pontryagin ,
'
59
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Define: For a pointed space
X
,

FIH) -- lingamKiXX)ur
Theorem (Freudenthal ,

'

38) :

misbecome
constant for large
N .

- Tks(X) approximates ITKCX) and
is often easier

to compute

/



Note : For any structure group
G

there is a map

rt: →SEEN
(we can always think

of

e as an
element of G)



Classically
-

:

There is a spectral sequence
for "

descending
" R'

*
CX) to

obtain II.CHIEFCX) . g
rather

Novikov,
'

67

Adams ,
'71

It's
a

complicated
spegtqauknce?
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Goat: Get a more
conceptual understanding

of

the relationship between

I*s and RE .

waldhaus-en.IE. Do algebra with
the invariants of algebraic topology
directly , rather than their outputs



idea: These maps
assemble

into a Galois extension of

invariants , i.e .

the Galois structure

exists on the
functors themselves

sit:c.hr:c- s
think: There is a tensor product
on homology theories with respect

to

which our functors 52£ are all

ring (monoid) objects!



GeneralizedfaloisExtens.io#/
Recall .
-

A map
of fields of :L→K is

Galois
,
with Galois group

G iff

G acts on K
and LE KG

where k
E- {keklgk - k tgEG} .



One reason this is useful :

Galois : We can learn

about L
-modules by studying

K-modules
and then taking

G-fixed points
descent

ModernismodL
(e.g. computing

Picard groups)



-Now let LCGF-HomfLLGI.LI
be the dual of the group ring
of G .

Prof: of :L→K is G -Galois iff

Exercise !) Ci ) ( (G)
*

coacts on
K "

r : K→KONG)
"



(Ii) K is an LCGI* ''

torsor
"

:

KKK = KOEL
*

(Iii ) L is the LEG]
*
co fixed

points of K :

LEK
""'

fkeklocktkoxt }



More generally :

Defy :Given a map
of rings

RES and a Hopf -algebra
H
,

of is H
-Galois if:
Ci ) H ↳acts on S

over R

ki) Sox,f=S④H
Ciii ) the Scott.GS/srssoxl}
-allows for"

Galois descent "



Still have Galois descent :

Modsmh
" Mode
{
taking

H - cofixed

points

- Galois cohomology , in
terms of

the group
G
,
is replaced by a

kind

of Hopf-algebra cohomology



thmCB.ly : The natural
transformation

si:c-th:c
- I

is H- Galois for H
-

- BG

RMI: BG is not a Hopf-algebra
!

However
,
it is a bimonoid object

of Topi :



diagonals:D : BG→ BGABG

re : BGNBG
→ BG

{inherited
{ionmmafgeases

)

what does this mean for

a fixed space X ?



- coaction:

f.Cx )→SERBGnx )
(Thom diagonal )

- torso r :

II.Eh:#ERIC
BGN)

(
tensor product of invariants
(Thom isomorphism)



-

descent :

EICH can
be obtained as

the derived cofixed points
of DECK) wht BG
coaction-
i.e . running the spectral

sequence is computing
(extremely complicated) Galois cohomology



Rmd: BG is very
much

not the dual group ring
of

any
kind of group , which

is

why we need
to generalize

Galois extensions .



Fundamental Theorem-
More generally :

thm-LB.fi Given a fiber sequence
of structure groups H→G→G/H,
there is an intermediate extension :

rent:c.to#ths:.H
--

BH
B(4th
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